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It is essential, in principle at least, to allow for compressibility, 
when obtaining the solution to a number of problems connected with visco- 
plastic flows. Amongst such problems are those dealing with the nropaga- 
tion of both acoustic and large disturbances through a visco-plastic 
fluid. However, there does not appear to be any complete system of equa- 
tions in the literature which describes the motion af a compressible 
visco-plastic fluid. 

We 53~s proposing such a system in the present note, 

The complete system of equations describing any arbitrary motion of an 
incompressible visco-plastic 

The relations between the 
deformation are as follows: 

fluid is contained in reference [I 1, 

stress tensor components and velocities of 

The formulas which have not been written down here are obtained by 
cyclic permutation of the coordinates, p is the coefficient of viscosity, 
7 s is the constant of plasticity, 

p is the pressure, V(u, u, rf the velocity vector. The expressions (11 
which we will consider applicable to a compressible fluid together with 
the equations of motion of an arbitrary continuous medium and the equation 
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of continuity 
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$- + div (pV) = Q 

do not constitute a complete system. In order to close the system we 
assume that there exists a relation between pressure p and density p 

(equation of state). i.e. the assumption is that all processes which 

place within the medium are “barotropic”. 

(2) 

must 
only 

take 

Liakhov [Z 1 in describing the processes taking place in water saturated 

soils proposed an equation of state which gives satisfactory agreement 

with experisental results. 

The equation is applicable when there is a high degree of water satura- 

tion in the soil, when the gas content is very low and the mineral 
particles do not form a sufficiently stiff framework, so that the three 

basic components of the soil, the mineral particles, water and air, are 

compressed under hydrostatic pressure without any of the significant 

irreversible increases in density of the medium which are normally asso- 

ciated with the break-up of the framework structure. In this case the 

equation of state of the mixture of these three components can be ob- 

tained, if we know the separate equations of state of the three components 

and their respective concentrations in the mixture. In his work I2 1 

Liakhov assumed the equation of state of each of the components to be of 

the type p = f(p). i.e. the compression and expansion processes were 

ubarotropicR. In the case of mineral particles and water, this is a reason- 

ably good approximation, but in the case of air an isentropic relation 

between p and p is taken. which, is in fact, acceptable in view of the 

conditions of compression of the air bubbles trapped in the Soil. 

If now we direct our attention to visco-plastic fluids (clays, other 

solutions, pastes. etc. ) we notice that Liakhov’s equations of state are 

even more accurately fulfilled than in a water saturated soil in which 

the mineral particles do, after all, form some sort of framework or struc- 

ture, whereas in our case there is no such structure. We can therefore 

come to the conclusion that to close the system of equations for a visco- 

plastic compressible fluid we can use Liakhov’s equations of state, i.e. 

we can relate p and p thus: 

p=x, %=k2, x3=x) 

with the conditions that the equations of state of the components are as 
follows: 
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(gas) 

(liquid) 

(minerals) 
(4) 

and Q 1’ o2* a7, pi, ~2, p3 are concentrations and densities respectively 

for p = pg, i.e. aI -I- a2 + a3 = 1. p0 = arpl + a2P2 + aq3 where p0 is 

the mean density for p = pO, and cl, ~2, c7 are velocities of sound in 

pure components when p = pg. 

It should be noted that the form of the equations of state need not 

that of (4). With these relations in other forms. the basic expression 

(3) corresponding thereto will change likewise, 

be 

This system of equations enables us to make a study of various dynamical 

phenomena in visco-plastic media. In particular, in the propagation of 

powerful disturbances (for instance, those due to explosions, etc.), one 

can neglect the effect of the parameters and of rs so that the character- 

istic features of shock wave propagation as expressed in (‘2) will also be 

valid for visco-plastic media. 

A problem of practical interest is that of acoustic propagation within 

a stream of visco-plastic fluid flowing through a circular pipe. This 

problem can also be studied with the help of the system of equations 

described. 
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